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The Hubble tension can be addressed by modifying the sound horizon (rs) before recombination,
triggering interest in early universe estimates of the Hubble constant,H0, independent of rs. Constraints on
H0 from an rs-free analysis of the full shape BOSS galaxy power spectra within ΛCDM were recently
reported and used to comment on the viability of physics beyond ΛCDM. Here we demonstrate that rs-free
analyses with current data depend on both the model and the priors placed on the cosmological parameters,
such that ΛCDM analyses cannot be used as evidence for or against new physics. We find that beyond-
ΛCDM models which introduce additional energy density with significant pressure support, such as early
dark energy (EDE) or additional neutrino energy density (ΔNeff ), lead to rs-free values of H0 which are
larger by 3–4 km=s=Mpc. On the other hand, models which only affect the time of recombination, such as a
varying electron mass (Δme), produce H0 constraints similar to ΛCDM. Using BOSS data, constraints
from light element abundances, cosmic microwave background (CMB) lensing, a CMB-based prior on the
primordial scalar amplitude (As), spectral index (ns), and Ωm from the Pantheonþ Type Ia supernovae
dataset, we find that in ΛCDM, H0 ¼ 64.9� 2.2 km=s=Mpc; in EDE, H0 ¼ 68.7þ3

−3.9; in ΔNeff ,

H0 ¼ 68.1þ2.7
−3.8 ; and in Δme, H0 ¼ 64.7þ1.9

−2.3 . Using a prior on the angular size of the sound horizon at
baryon drag from BAO and CMB measurements, these values become in ΛCDM, H0 ¼ 67.9� 1.7; in
EDE, H0 ¼ 72.2þ2.9

−3.8 ; in ΔNeff , H0 ¼ 71.5þ2.5
−3.3 ; and in Δme, H0 ¼ 68.0� 1.7. With current data, none of

the models are in significant tension with SH0ES, and consistency tests based on comparing H0 posteriors
with and without rs marginalization are inconclusive with respect to the viability of beyondΛCDMmodels.

DOI: 10.1103/PhysRevD.108.103525

I. INTRODUCTION

As cosmological measurements have become more
precise they have revealed a few potential issues within
the core cosmological model. This model, referred to as
ΛCDM, consists of a geometrically flat universe filled with
baryons, photons, three flavors of neutrinos with the
standard weak interactions, cold dark matter (CDM), and
a cosmological constant, Λ, with dynamics described by
general relativity. The success of this model to describe an
exceedingly wide variety of measurements—from light
element abundances produced during big bang nucleosyn-
thesis (BBN), to the cosmic microwave background
(CMB), to the clustering of galaxies and the more recent
expansion history—is remarkable (e.g., Refs. [1,2]).
These measurements allow for a number of nontrivial

consistency tests, the most discerning of which allow us
to take observations of the early universe (roughly at or
before recombination) and predict the values of quantities
that are measured in the late universe, within a given
model. Interestingly, within ΛCDM applying this to the
expansion rate of the universe today, known as the Hubble

constant (H0) and to the current amplitude of the clustering
of matter, quantified by the standard deviation of the mass
contained within spheres with radii equal to 8h−1Mpc (σ8),
leads to mismatches between the predicted and directly
measured values (known as the “Hubble tension” and “σ8
tension,” respectively). Barring the presence of systematic
errors affecting multiple, independent measurements (see
Refs. [3–7] for discussion), this would indicate that one
needs to modify ΛCDM, and in the process identify new
physics that dictate some aspects of the structure and
evolution of the universe [8–10].
The statistical significance of these mismatches depends

on the particular measurements. However, in all cases the
value ofH0 predicted withinΛCDM frommeasurements of
pre-recombination physics (the CMB or the baryon acous-
tic oscillations—BAO) are smaller than the direct mea-
surements, and in nearly all cases the predicted value of σ8
is larger (see, e.g., Refs. [3–5,9,11–16]). For individual
experiments the mismatch for H0 reaches ∼5σ (between
Planck and SH0ES [4,11]), whereas for σ8 it is ∼3σ
(between Planck and KiDS-1000 [13]). Regardless of
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whether or not these discrepancies are due to physics
beyond ΛCDM or yet undiscovered experimental complex-
ities, the increased precision of current cosmological data-
sets gives us clear motivation to identify additional ways to
assess the consistency of ΛCDM.
A fundamentally different type of consistency test focuses

on whether a given set of measurements are internally
consistent. In the context of CMB measurements, one such
approach is to split the data up in multipoles (for the Planck
satellite the split has been typically taken at l ∼ 700–800)
and compare the inferred values of theΛCDMcosmological
parameters [17,18]. Another approach proposes a set of
parameters that divides the CMB data into pre- and post-
recombination physics [19–22].
Here we focus on tests based on obtaining constraints on

H0 using observations of pre-recombination physics with
and without information on the sound horizon, rs.

1 In
general, determinations of H0 rely on a calibrator, usually
in the form of a standard ruler (for CMB/BAO) or a
standard candle (for Type Ia supernovae, SNeIa), that
breaks the degeneracy between the observed angular
size/relative flux of an object, and its true distance to us.
In fact, the Hubble tension is often described as a tension
between calibrators of the distance ladder, which rely either
on the Cepheid variable calibration for the absolute
magnitude of SNeIa or the ΛCDM value of the sound
horizon inferred from CMB data [24,25]. Consequently, all
currently successful attempts to construct beyond-ΛCDM
models to address the Hubble tension propose new physics
that changes rs

2 [8,10]. A determination of H0 using
observations sensitive to pre-recombination physics which
is independent of rs;d (i.e., rs-free) has the potential to
provide useful evidence for or against these models [28].
A program of conducting rs-free analyses using CMB

lensing (along with priors on some of the cosmological
parameters) has the potential to achieve this goal, but is
fundamentally limited by cosmic variance [29]. It is also
possible to use measurements of galaxy clustering, along
with an effective marginalization over the value of rs;d
[28,30,31]. Since galaxy surveys have access to a large
number of independent modes this has the potential to
significantly increase the precision of such an analysis. To
do so, one uses the effective field theory (EFT) of large
scale structure [32–37] applied to the BOSS DR12 galaxy

clustering data (EFT BOSS) [38]. The EFT BOSS
data have been shown to allow for determination of the
ΛCDM parameters at a precision higher than that from
conventional BAO and redshift space distortions, as well as
to provide interesting constraints on models beyond
ΛCDM (see, e.g., Refs. [39–53]).
The way in which rs-free inferences of H0 may impact

models that attempt to resolve the Hubble tension is two-
fold. First, as a predictive test, it could indicate that models
which alter rs to address the Hubble tension are disfavored
if the rs-independent value of H0 is in tension with direct
measurements of H0 [31]. Second, as an internal consis-
tency test, a comparison between constraints toH0 with and
without rs;d can serve as an indicator for or against beyond-
ΛCDM physics [28].
Here we explore whether these analyses provide a robust

test of new physics by considering three ΛCDM extensions
which affect rs;d: an axionlike model of early dark energy
(EDE), a model with additional free-streaming ultrarela-
tivistic energy density (ΔNeff ), and a model with a value of
the electron mass which is different at recombination than it
is today (Δme). We also investigate how various external
priors affect these results. Figure 1 summarizes the 1D
posteriors of H0 in the rs;d-marginalized analysis for the
four models considered in this work.
Using an rs-free analysis of BOSS DR12, Planck CMB

lensing, a BBN prior, and Ωm estimated from Pantheon+
[56], we find that both ΔNeff and EDE open up a new
degeneracy betweenH0 and the primordial power spectrum
(i.e., the scalar amplitude, As, and index, ns) leading to a
posterior distribution for H0 that is shifted to higher values
compared to ΛCDM. We find that for all four models we
consider, the posterior for H0 is consistent with the SH0ES
determination of H0 at ∼1.5σ.3 When imposing an addi-
tional CMB-inspired prior on the primordial power spec-
trum, the inferred value of H0 in ΛCDM and Δme is in
tension with SH0ES at ∼3.5σ, whereas for ΔNeff and EDE
the tension drops to 1.7σ and 1.3σ, respectively. As a result
we find that, the value of H0 inferred from an rs;d-
marginalized analysis is model dependent. We also find
that, as an internal consistency test, with and without rs;d
marginalization, the H0 posteriors are in statistical agree-
ment for all of the models we consider.
This paper is organized as follows. In Sec. II we establish

the way in which the various quantities in the rs-free data
depend on ΛCDM parameters. This allows us to anticipate
the various degeneracies in a full analysis of these data and
establish the role played by As and ns in constraining h. In
Sec. III we describe the datasets we use as well as the
Markov Chain Monte Carlo (MCMC) analysis we perform.
In Sec. IV we establish that within ΛCDM, constraints to h

1The sound horizon is time-dependent and hence there are
two different values of the sound horizon that impact cosmo-
logical measurements: the sound horizon at recombination, rs;rec,
and at baryon decoupling, rs;d. The first value is relevant for the
CMB and the second for BAO. While the value of either sound
horizon can be different in different cosmological models, the
difference between them is relatively model-independent with
ðrs;d − rs;recÞH0 ≃ 6 × 10−4 [23].

2We note that it is not possible to address the Hubble tension
by modifying the late-time expansion history without also having
w < −1 [26,27].

3In this paper we quote tension assuming Gaussian posteriors
for simplicity. This slightly overestimates the level of tension, due
to long tails of distribution, but does not affect our conclusions.
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are driven by measurements of the amplitude of the matter
power spectrum and constraints toΩmhp with 1≲ p≲ 2. In
Sec. V we perform rs-free analyses on three beyond-
ΛCDM models. We conclude and discuss the implications
of our results in Sec. VI. In Appendix A we give details
about how the various data we use depends on cosmologi-
cal parameters, in Appendix B we demonstrate that the
peak of the matter power spectrum does not play a
significant role in constraining the Hubble constant, in
Appendix C we demonstrate that the broadband/BAO split
algorithm works even in cases where the sound horizon
deviates significantly from the ΛCDM value, and in
Appendix D we show that for the models we consider
the full Pantheonþ likelihood is well captured by using a
prior on Ωm.

II. H0 FROM GALAXY CLUSTERING
AND CMB LENSING

To build an intuition as to how h can be constrained
without the sound horizon, it is helpful to establish the
approximate relationship between the galaxy power spec-
trum/CMB lensing and the ΛCDM parameters whose
values we infer from these data. In this discussion we

make the important distinction between how the amplitude
(i.e., k-independent part) and shape (i.e., k-dependent part)
of the galaxy power spectrum provides information about
the Hubble constant. The work in Refs. [28,30,31] empha-
sizes the role that the shape of the galaxy power spectrum
plays–in particular the wave number which enters the
horizon at matter/radiation equality keq. Here we show that
the amplitude of the k > keq part of the galaxy power
spectrum also plays an important role in constraining h.
The basic shape of the galaxy power spectrum is set by

two main scales: the sound horizon at baryon decoupling

rs;d ≡
Z

∞

zd

csðz0Þ
Hðz0Þ dz

0; ð1Þ

where zd is the redshift at which baryons decouple and
csðzÞ is the photon/baryon sound speed (see, e.g., Ref. [57])
and the wave number which enters the horizon at matter/
radiation equality,

keq ¼
ωm

h
ffiffiffiffiffiffiffiffiffiffi
ωr=2

p 100 h km=s=Mpc
c

; ð2Þ

FIG. 1. The 1D posterior distribution forH0 in the four cosmological models we explore here. The central mark shows the mean of the
distributions and the outer marks shows the 68% and 95% confidence level (CL) regions. The gray band indicates the SH0ES constraint,
H0 ¼ 73.04� 1.04 km=s=Mpc [54] and the pink bands the Planck value of H0 ¼ 67.36� 0.54 km=s=Mpc [55]. The blue distribution
shows the result of an analysis that includes the rs;d-marginalized full-shape of the BOSS DR12 galaxy power spectrum (FS), a BBN
prior on the baryon density, the Planck CMB lensing potential power spectrum (CMBLens), and a prior on Ωm from the Pantheonþ
Type Ia supernovae dataset (PanPlus). The orange distribution shows how constraints shift to lower values when we include a CMB-
inspired prior on the scalar amplitude (As) and slope (ns) and the green curves show how they shift back toward larger values when we
additionally replace the Ωm prior from Pantheonþ with one from uncalibrated BAO and CMB measurements of the projected sound
horizon (θBAO=CMB

s;d ). In all cases the distributions for EDE and ΔNeff are shifted to larger values than in ΛCDM and Δme.
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where the last term comes from introducing h≡
H0=ð100 km=s=MpcÞ.
The effects of baryons are imprinted through rs;d and an

additional scale, kd ≡HðzdÞ=ð1þ zdÞ, the size of the
horizon when baryons decouple from photons and start
to fall into the gravitational potentials. The largest effect is a
suppression of power at wave numbers larger than kd
compared to a CDM-only universe. The acoustic oscilla-
tions in the baryon/photon fluid (i.e., the BAO) are also
imprinted into the galaxy power spectrum as oscillations
with a frequency set by integer multiples of ks;d ≡ 2π=rs;d
[58]. We note that since kd < keq ≃ 0.01 hMpc−1 this scale
is too large to be probed with current galaxy surveys.
The value of keq plays two important roles in the galaxy

power spectrum: it sets the wave number at the peak, as
well as the range of scales experiencing a logarithmic
enhancement in power at k > keq. In practice, measure-
ments of the galaxy power spectrum cannot probe scales
large enough to get a precise measure of the location of the
peak [30] (though we note that future HI surveys will be
able to measure the peak [59]). For the main analysis
presented here we take kmin ¼ 0.01 hMpc−1 which is
just slightly smaller than the typical values of keq. In
Appendix B we also perform an analysis with a larger kmin
in order to demonstrate that the location of the peak of the
galaxy power spectrum does not play a dominant role in
constraining h. Because of this, most of the sensitivity to
keq is not in the peak of the galaxy power spectrum, but
from the amplitude at scales k > keq [30].
Yet, the measurements of h do not only rely on rs;d and

keq, but also on the overall amplitude of the galaxy power
spectrum. As discussed in more detail in Appendix A, the
galaxy power spectrum amplitude reflects the fact that
during radiation domination Hubble friction limits the
growth of dark matter perturbations. Once radiation domi-
nation ends, the dark matter perturbations grow propor-
tional to the scale factor, a. Therefore, the amplitude of the
matter power spectrum scales with ða=aeqÞ2 ∝ a2Ω2

mh4. In
this way information about h contained in the amplitude of
the galaxy power spectrum provides us with a standard
clock, measuring how much the dark matter perturbations
have grown since matter/radiation domination.
Summarizing the results of Appendix A, we can write

how the galaxy power spectra and CMB lensing potential
power spectrum depend on the amplitude of the primordial
power spectrum, As, the normalized Hubble constant, h, the
geometric matter density, Ωm, and the physical radiation
energy density, ωr ≡Ωrh2. Note that all measured quan-
tities are dimensionless, so in the following equations
lengths are written in h−1 Mpc.
The overall amplitudes of the galaxy power spectrum,

Pgal, and the CMB lensing power spectrum, Cϕϕ
L , scale as

Pgal ∝ b2R2
cAsΩ2.25

m ω−2
r h4; ð3Þ

L4Cϕϕ
L ∝ AsΩ3.5

m ω−1
r h2.6; ð4Þ

where b is the linear bias, Rc ≡ ωcdm=ωm ¼ 1 − ωb=ωm is
the baryon suppression [60], and ωcdm is the physical cold
dark matter density today. It is interesting to note that, while
these are all proportional to As, they depend on different
powers of with h indicating that the combination of Pgal

and Cϕϕ
L can break the As − h degeneracy. It is also evident

that additional information on Ωm will further help con-
straining h.
The shape of these power spectra depend on

�
k

kp=h

�
ns−1 ¼

�
k

ð0.05=hÞ hMpc−1

�
ns−1

; ð5Þ

keq=h ∝ Ωmω
−0.5
r h; ð6Þ

lϕϕ
peak ∝ Ω0.75

m ω−0.5
r h; ð7Þ

where ns is the primordial scalar spectral index and kp ¼
0.05 Mpc−1 is the standard pivot scale [57]. Note that the
different Ωm scalings provide a way to break the degen-
eracy betweenΩm and h. Moreover, the baryon suppression
and amplitude of the BAO in the galaxy power spectrum
gives information about the ratio ωb=ωm. Finally, redshift
space distortions provide additional sensitivity to

fσ8 ∝ A1=2
s Ω1.25

m ω−0.65
r h1.75; ð8Þ

where f is the growth rate and σ28 is the variance of the
fractional mass fluctuations in spheres of comoving radius
R ¼ 8 h−1 Mpc.
Previous work has emphasized the role that keq plays in

setting the shape of the k > keq matter power spectrum
[30,31] as the main source of rs-free information on h. We
agree that the shape of the power spectra, through its
dependence on keq, baryon suppression, and l

ϕϕ
peak, provides

constraints to Ωmhp, where 1≲ p≲ 2. However, it is the
overall amplitude of the matter power spectrum dominates
the rs-free information on h. For example, in ΛCDM ωr is
fixed and with a Pantheonþ prior on Ωm, Eqs. (3), (4), and
(8) show that an increase in h must be accompanied by a
decrease in As in order to keep the amplitudes unaffected.
This additional degeneracy will be even more important for
beyond ΛCDM determinations of h, since several models
introduce new degeneracies with As.

III. COSMOLOGICAL MODELS
AND DATA ANALYSIS

In order to explore the extent to which an rs-free analysis
may depend on the cosmological model, we consider three
beyond-ΛCDM models that affect the value of the sound
horizon in different ways.
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The sound horizon is inversely proportional to the
Hubble parameter before recombination [see Eq. (1)].
We consider two models which lead to changes in the
early-universe Hubble parameter: variations in the number
of ultra-relativistic neutrinos, ΔNeff (we always take one
neutrino to have a mass of 0.06 eV), and the ultralight
axion-inspired model for EDE [61,62] (we use the scalar
field potential V ¼ m2f2½1 − cosðϕ=fÞ�3, where m is the
axion mass, f is the axion decay constant and ϕ the field
value). As described in Ref. [62], we use a shooting
method to map the set of phenomenological parameters
flog10ðzcÞ; fEDEðzcÞg (which describe when the field
becomes dynamical and its maximum fractional contribu-
tion to the total energy density, respectively) to the theory
parameters fm; fg. A major difference between these two
“energy density modification” models is that while a
change to the neutrino energy density has an impact
throughout radiation domination, the EDE’s energy density
makes a dynamically relevant contribution to the total
energy density over a relatively short period of time.
The sound horizon depends on the redshift at which

baryons decouple from photons, zd [see Eq. (1)]. We also
consider a model in which the mass of the electron may be
different around recombination than its value today, leading
to a change in the Thomson scattering cross section, and
hence changing zd (see, e.g., Refs. [63,64]).
Our Markov-Chain Monte Carlo (MCMC) analyses uses

MontePython-v3
4 code [20,65] interfaced with modified ver-

sions of CLASS-PT
5 which is itself a modified version of

CLASS
6 [66].

In this paper, we carry out various analyses using a
combination of the following datasets:

(i) Full-shape galaxy power spectra (FS): The effective
field theory (EFT) of large scale structure applied to
the BOSS DR12 galaxy clustering data. For the main
analysis we use the same data and code as in
Ref. [31]: we use the power spectrum measured
in Ref. [47] from the z ¼ 0.38 and 0.61 redshift bins
at the Northern and Southern Galactic Caps [67]. We
use the unreconstructed monopole, quadrupole, and
hexadecapole galaxy power spectrum multipoles
with7 0.01 hMpc−1 ⩽ k ⩽ 0.2 hMpc−1 and the
real-space extension, Q0, with 0.2 hMpc−1 ⩽ k ⩽
0.4 hMpc−1. We include EFT parameters and priors
as described in Refs. [47,68]. Note that these priors
were shown to be informative, and part of our results
could be affected by the choice of priors, at the 1σ
level [68], but we do not expect our main con-
clusions to change.

(ii) BBN: The BBN measurement of ωb [69] that uses
the theoretical prediction of [70], the experimental
Deuterium fraction of [71] and the experimental
Helium fraction of [72]. Note that this likelihood
also tightly constrains ΔNeff [69]. As we are
interested in computing constraints driven by galaxy
clustering/CMB lensing, when varying ΔNeff we
instead use a Gaussian prior on ωb ¼ 0.02268�
0.00038 [40].

(iii) CMB lensing (CMBLens): The CMB-marginalized
gravitational lensing potential from Planck 2018
temperature and polarization data with 8 ⩽ L ⩽
400 [73].

(iv) Pantheonþ (PanPlus): The Pantheonþmeasurement
of Ωm ¼ 0.338� 0.018 using uncalibrated Type Ia
supernovae (SNeIa), modeled as a Gaussian like-
lihood [56].We have explicitly checked that this prior
captures all of the information contained within the
full likelihood in Appendix D.

(v) Uncalibrated BAO and CMB measurements of the
projected sound horizon (θBAO=CMB

s;d ): In some of
our analyses we have replaced the Ωm prior from
PanPlus with the angular size of the sound horizon
from the BOSS DR12 BAO and Planck measure-
ments of the CMB. We discuss our detailed imple-
mentation in Appendix E, and note that our
implementation takes into account correlations be-
tween the BAO parameters and the full shape
reconstruction. The value of Ωm from PanPlus is
∼2σ larger than the value preferred by aΛCDM fit to
Planck. Reference [31] compared constraints to h
with and without the PanPlus prior on Ωm. Here, the
use of θBAO=CMB

s;d allows us to understand how a
decrease in the mean of the Ωm prior affects the
rs-free posteriors on h.

(vi) CMB priors: For some of our analyses we use the
Gaussian priors ln 1010As ¼ 3.044� 0.08 and
ns ¼ 0.96� 0.03. The prior on As is 8% around
the Planck mean value [29,31] and the prior on ns is
based on the one used in Ref. [31], but is lightly
wider in order to account for the fact that some of the
beyond-ΛCDM models we consider, when fit to the
CMB, lead to larger values for ns (see, e.g.,
Refs. [62,74,75]).

In the following we denote the combination of FS, BBN,
CMBLens, and PanPlus as “All,” to distinguish it from
analyses that just combine a subset of these datasets.
All MCMCs use wide uninformative flat priors on the

physical CDM energy density, ωcdm, the Hubble parameter
today in units of 100 km=s=Mpc, h, the logarithm of the
variance of curvature perturbations centered around the
pivot scale kp ¼ 0.05 Mpc−1 (according to the Planck
convention [57]), ln 1010As, and the scalar spectral index ns.
We marginalize over information about the sound horizon

in the galaxy power spectra following the procedure

4https://github.com/brinckmann/montepython_public.
5https://github.com/Michalychforever/CLASS-PT.
6https://lesgourg.github.io/class_public/class.html.
7For one part of our analysis we increase the minimum k to

0.05 hMpc−1 for the galaxy power spectrum multipoles.
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introduced in Ref. [28]. This involves splitting the linear
power spectrum into its broadband (BB) shape and the BAO
and marginalizing over a new scaling parameter, αrs ,

PlinðkÞ ¼ PBBðkÞ þ PBAOðαrskÞ: ð9Þ

As with the cosmological parameters, we use a wide
uninformative flat prior on αrs . We note that Ref. [31] places
a Gaussian prior with mean equal to 1 and a standard
deviation of 0.5. Since the value of αrs only varies by
∼0.1 their choice of prior is also uninformative.
For the three free parameters of the EDE model, we

impose a logarithmic priors on zc, and flat priors for
fEDEðzcÞ and θi:

3 ≤ log10ðzcÞ ≤ 4;

0 ≤ fEDEðzcÞ ≤ 0.5;

0 ≤ θi ≡ ϕi=f ≤ 3.1:

When we vary the electron mass we use the prior
0.8 ⩽ me=me;0 ⩽ 1.2, while we take ΔNeff⩾0 when we
vary the amount of free-streaming ultra-relativistic energy
density. We define our MCMC chains to be converged
when the Gelman-Rubin criterion R − 1 < 0.05 [76].
Finally, we produce our figures using GetDist [77].

IV. CONSTRAINTS ON h IN ΛCDM

We start by comparing the 1D posterior distributions of h
from analyzing FSþ BBNþ CMBLensþ PanPlus (the
“All” dataset), with and without marginalizing over rs;d,
without applying any CMB priors on As or ns. The ΛCDM
posterior distributions are summarized in Table I, and we
find:

h ¼ 0.697þ0.014
−0.016w=ors;d-marg;

h ¼ 0.687þ0.030
−0.050w=rs;d-marg

which shows no significant tension with SH0ES even when
marginalizing over rs;d. We note that, as shown in Table I

the mean value of rs;d is ∼5 Mpc smaller than the value
preferred by Planck [55]. This is due to the fact that these
data prefer a significantly larger mean physical CDM
density, ωcdm ∼ 0.14, compared to Planck, ωcdm ∼ 0.12.
The larger ωcdm, combined with the relatively large value of
Ωm from PanPlus, leads to the statistical agreement
between constraints to h from the two datasets. We also
note that we find no significant shift between the two values
of h, which has been advocated as being a hint against the
presence of new physics affecting the sound horizon
[31,47]. This rs;d-marginalized value is larger than the
main value reported in Ref. [31] because here we have not
imposed any external priors on ns or As.

8 As shown in
Table I, both As and ns are lower than what is found using
CMB data, and when imposing priors from the CMB the
posterior on h can change appreciably. In Sec. IVA we
explore the degeneracy between h and As=ns and in
Sec. IV B we show the impact of imposing the CMB priors.

A. The As=ns-degeneracy

To understand the role that the FS galaxy power spectra
are playing in constraining h, Fig. 2 shows a comparison
between two different data analyses: FSþ BBNþ
CMBLensþ PanPlus with and without rs-marginalization.
First, focusing on the constraints to h (left-most column)
and on the analysis without rs;d-marginalization one can
see that the constraint on h is less degenerate with As, ns,
and Ωm than with rs;d-marginalization. This shows that
when including information on rs;d one gains independent
information on h through its effect on the projected size of
the sound horizon. When marginalizing over rs;d on the
other hand, one can see that h is anti-correlated with
As=Ωm, as expected from the discussion in Sec. II. In
particular the degeneracy between h and As provides
evidence that constraints on h when marginalizing over
rs;d, at least in part, come from the amplitude of the galaxy
power spectrum.
Figure 2 clearly shows that when marginalizing over rs;d,

h, and ns are anticorrelated. This anticorrelation is also
related to the primordial amplitude of the fluctuations
which can be seen in the 3D plot in Fig. 3. There we
can see that a decrease in ns is compensated by a decrease
in As and an increase in h. This relationship is due to a
balance between the enhancement of power for k > kp ¼
0.05=h hMpc−1 (for ns < 1) and the shift with h in scale at
which the logarithmic enhancement starts, keq ¼ Ωmh.
We further explore the exact shape of the degeneracies

introduced through the amplitudes of the k > keq galaxy

TABLE I. The mean and �1σ uncertainties of the ΛCDM
cosmological parameters with and without marginalization over
rs;d and using “All” of the data.

Parameter ΛCDM (no rs-marg) ΛCDM (rs-marg)

102ωb 2.273� 0.038 2.273� 0.037
ωcdm 0.1395þ0.0091

−0.012 0.137þ0.011
−0.022

Ωm 0.335� 0.013 0.340� 0.015
h 0.697þ0.014

−0.016 0.687þ0.030
−0.050

ln 1010As 2.839� 0.096 2.86þ0.16
−0.13

ns 0.853� 0.052 0.863þ0.081
−0.060

rs;d [Mpc] 141.9þ2.7
−2.4 142.7þ5.1

−3.2
αrs � � � 1.011þ0.036

−0.028

8Reference [31] argues that their results are robust to dropping
any priors on ns or As, in this case reporting h ¼ 0.660þ0.027

−0.034 .
However, even after adopting the same parameter settings as they
use, without these priors we find h ¼ 0.677þ0.028

−0.037 , giving pos-
terior on h that is consistent with the SH0ES value at ∼2σ.
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power spectra and the CMB lensing potential power
spectrum as discussed in Sec. II and Appendix A. The
top left panel of Fig. 4 shows the results of using
FSþ BBN. The dashed red curves show the mean and

�1σ of AsΩ2.25
m h4, which sets the k > keq amplitude of the

galaxy power spectrum [see Eq. (3)]. The agreement
between the red curves and the 2D posterior definitively
demonstrates the importance of the k > keq amplitude
of the galaxy power spectrum in constraining h with these
data.
The bottom left panel of Fig. 4 shows the same curve/2D

posteriors but with FSþ BBNþ CMBLens. There we can
see that the addition of CMB lensing data shifts the h vs
AsΩ2.25

m contour, and decreases the width of the posterior,
indicating that CMB lensing adds information on h. The
blue curve in this panel shows the ∝ h2.6 scaling from the
amplitude of the lensing potential power spectrum [see
Eq. (4)]. Its shape at least partially explains the shift in this
parameter plane when the lensing is included.

B. The impact of priors on ns and As
in constraining h in ΛCDM

Given the correlation between h and As=ns, it is of
interest to consider how placing priors on the primordial
power spectrum affects h. Reference [31] imposed ns ¼
0.96� 0.02 or an 8% prior on As centered on the Planck
value, ln 1010As ¼ 3.044� 0.08. Since here we consider
both ΛCDM and beyond-ΛCDM models which prefer
larger values of ns when fit to CMB data [62,74,75], we

FIG. 4. A pair of 2D posteriors comparing rs-marginalized
constraints using FSþ BBN (top row) vs FSþ BBNþ
CMBLens. The red curves in the two left panels show the mean
and �1σ values for AsΩ2.25

m h4, which captures information in the
small-scale (k > keq) part of the galaxy power spectrum [see
Eq. (3)]. The solid blue curve in the bottom left panel corresponds
to the ∝h2.6 scaling from the lensing data [see Eq. (4)]. The
red/blue curves in the right panels show the mean and �1σ for
ωm ¼ Ωmh2 and keq ¼ Ωmh, respectively. The agreement between
the curves and the contours indicates that both the small-scale
amplitude and the various combinations of Ωmhp (characterizing
the shape of the power spectra), with 1≲ p≲ 2, plays a role in
constraining h.

FIG. 2. A triangle plot showing the constraints to four of the
five ΛCDM cosmological parameters with and without margin-
alization over rs;d (we do not show the posterior distribution for
ωb since it is well constrained by the BBN likelihood). The filled
contours show constraints using “All” of the data without
marginalization over rs;d whereas the unfilled contours show
the same data with marginalization over rs;d.

FIG. 3. The 3D correlation between ns, ln 1010As, and h for an
rs;d-marginalized analysis of ΛCDM using “All” of the data. We
can see that h has a strong negative correlation with both
As and ns.
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use the same prior on As but a slightly wider prior for
ns ¼ 0.96� 0.03. We find good agreement with Ref. [31]
when imposing the same priors, and the specific choice of
priors do not affect our overall conclusions.
When imposing both As and ns priors, we find that the

resulting posterior on h decreases from h ¼ 0.687þ0.03
−0.05 to

h ¼ 0.649� 0.022. This significant downward shift is not
surprising, given that h is anticorrelated with both As and ns
as discussed above, and that these priors are larger than the
values preferred by “All” of the data (see Figs. 2 and 3).
When imposing these priors, we find that the value of h is in
3.3σ tension with SH0ES. The tension level is slightly
stronger than that reported in Ref. [31] because we impose
both priors at the same time.

C. The role of Ωm in constraining h

The scaling equations discussed in Sec. II and the right-
hand contours in Fig. 4, indicate that the shape of both the
FS data and the CMB lensing potential power spectrum
constrain various combinations of Ωmhp, where 1≲ p≲ 2.
These constraints, along with a prior on Ωm, provides a
constraint on h.
The red/blue dashed curves in the top right panel shows

the mean and �1σ of ωm ¼ Ωmh2 and Ωmh, respectively.
The rough agreement indicates that some combination of
Ωmhp, with 1≲ p≲ 2, plays a role in constraining h. Since
the Ωmhp constraint comes from several aspects of the
measurements with slightly different dependencies–bar-
yonic effects (Ωmh2), the logarithmic enhancement of
the k > keq part of the galaxy power spectrum (Ωmh),
the peak of the lensing potential power spectrum
(Ωmh1.33)–we expect the degeneracy between h and Ωm
to be less well-defined. The bottom right panel shows that,
as with FSþ BBN, some combination of Ωmhp, with
1≲ p≲ 2, continues to play a role in constraining h in
the FSþ BBNþ CMBLens analysis.
These scaling equations indicate that if the prior on Ωm

decreases then the inferred value of hwill increase. So far we
have used a prior onΩm from PanPlus:Ωm ¼ 0.338� 0.018
[56]. This value is ∼2σ larger than the value of Ωm inferred
from the uncalibrated BAO and CMB measurements of the
projected sound horizon: Ωm ¼ 0.3� 0.01 [23].
Replacing the PanPlus prior on Ωm with the BAO/CMB

angular prior allows us to explore how information about
Ωm impacts the rs;d-marginalized ΛCDM posterior on h.
As expected with the lower Ωm the mean value of h
increases from h ¼ 0.687þ0.030

−0.050 to h ¼ 0.734þ0.033
−0.063 . This

demonstrates that at least part of the apparent tension in
ΛCDM with SH0ES comes from the relatively high value
of Ωm favored by Pantheonþ. If we also impose the As=ns
prior then the posterior distribution for h increases from
h ¼ 0.649� 0.022 to h ¼ 0.688þ0.018

−0.021 . With the As=ns
prior we can see that the change in the Ωm prior leads
to a 1.3σ shift in the mean of h.

V. CONSTRAINTS IN BEYOND-ΛCDM MODELS

We first establish that without marginalizing over rs;d the
three beyond-ΛCDM models that we consider have the
expected effect on the value of rs;d.
Figure 5 shows that the three beyond-ΛCDMmodels affect

rs;d as expected. In particular, fEDEðzcÞ–which controls the
maximum contribution that the EDE field makes to the total
energy density—is only able to increase the pre-recombina-
tion value of H, and therefore it can only lead to a decrease
in rs;d. Variations in the number of massless neutrinos,
ΔNeff > 0, can only cause a decrease in rs;d from its
ΛCDM value (shown by the vertical dashed line). The
Thomson scattering cross-section scales as 1=m2

e, so a larger
electron mass leads to a decrease in the scattering rate, which
in turn causes the baryons to decouple earlier than theywould
have. Therefore as me increases, zd increases, leading to a
decrease in rs;d [see Eq. (1)].

A. rs-marginalized constraints on H0 beyond ΛCDM
We provide the marginalized constraints on h for ΛCDM

and the three beyond-ΛCDM models we consider in
Table II.
The oscillation frequency of the BAO is equal to rs;d.

Since we marginalize over the product αrsk within the
BAO, and observations are in angular/redshift space, the
directly measured quantity is αrshrs;d, and therefore should
be relatively stable between the different models we have

FIG. 5. The 2D posterior distribution for ΛCDM and the three
beyond-ΛCDM models we consider using “All” of the data
(without marginalizing over rs;d). The dashed gray line is the
mean value for ΛCDM. We can see that as the beyond-ΛCDM
model parameters vary the inferred value of rs;d varies, as
expected.
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analyzed. In Fig. 6 we show that for the three cosmological
models we analyze, this combination is relatively
unchanged, as expected. This provides evidence that our
marginalization over αrs is correct even in these extended
cosmologies. This is discussed further in Appendix C.
The main result of this section is shown in Fig. 7. There

we can see how both ΔNeff and EDE produce similar
posteriors in the h vs ln 1010As=ns plane, whereas the
varying me model is qualitatively different, and similar to
what we obtain in ΛCDM (shown in the brown contour in
the bottom plot). The color bars of Fig. 7 show that the
larger values of ΔNeff and fEDEðzcÞ open up a new
degeneracy, allowing for a simultaneous increase in h,
As, and ns. This is due to the fact that unlike Δme, both
EDE and ΔNeff introduce additional energy density with
significant pressure support. This leads to a suppression of
the growth of matter perturbations, leading to a degeneracy
with the primordial power spectrum–i.e., As and ns–for
these models, allowing these parameters to take on larger
values than they do in ΛCDM and Δme.
One can see how this increase in parameter space

affects the 1D marginalized posterior distribution for h
in Fig. 8. Without marginalizing over rs;d (top panel) the
posterior distribution for h varies significantly between the
different models. When marginalizing over rs;d both EDE

and ΔNeff are shifted to larger values of h than ΛCDM
andΔme. It is also clear that EDE opens up more parameter
space volume than ΔNeff . An important distinction
between the physics of these two models is that the
additional neutrino energy density has an effect throughout
radiation domination whereas the additional energy den-
sity in EDE is only briefly relevant. This leads to a different
scale dependence of their effects and different degener-
acies with As and ns, which allows EDE to achieve a
larger posterior for As and ns, as shown in Fig. 9, with
larger values of As=ns corresponding to smaller values
of log10 zc.

FIG. 6. When marginalizing over rs;d we are effectively
measuring the product αrshrs;d. Here we can see that all four
cosmological models produce statistically identical posterior
distributions for this product when using “All” of the data.

FIG. 7. The h vs ln 1010As and h vs ns 2D posterior distributions
for the three beyond-ΛCDM models we consider from the
rs-marginalized analyses. The brown contours show the ΛCDM
constraints. In EDE andΔNeff we can see that additional parameter
space is openedwhich allows for a larger value of h at larger values
ofAs with a corresponding increase in themodel parameter (shown
in the color bars). On the other hand, when varying me, we obtain
contours statistically identical to ΛCDM.

TABLE II. The mean and �1σ uncertainties of h in the four models we explore. The “PanPlus” prior is Ωm ¼
0.338� 0.018 and the uncalibrated BAO and CMB measurements of the projected sound horizon, “θBAO=CMB

s;d ,”
prior is Ωm ¼ 0.3� 0.01. When we replace the Ωm prior we apply it to the analysis described in the above row.

ΛCDM EDE ΔNeff Δme

Without rs;d marg 0.697þ0.014
−0.016 0.736þ0.027

−0.036 0.724þ0.021
−0.030 0.671þ0.031

−0.040
With rs;d marg 0.687þ0.030

−0.050 0.708þ0.038
−0.049 0.699þ0.034

−0.050 0.684þ0.031
−0.049

PanPlus → θBAO=CMB
s;d

0.734þ0.033
−0.063 0.748þ0.038

−0.046 0.739þ0.035
−0.052 0.716þ0.032

−0.038

þAs & ns prior 0.649� 0.022 0.687þ0.030
−0.039 0.681þ0.027

−0.038 0.647þ0.019
−0.023

PanPlus → θBAO=CMB
s;d

0.688þ0.018
−0.021 0.737þ0.032

−0.039 0.726þ0.028
−0.037 0.688� 0.019
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We note that even if the EDE=ΔNeff posteriors for h
were not shifted to larger values, the width of all of the h
posteriors can easily account for the Planck and SH0ES-
inferred values. As such, none of these analysis rule out
these models as resolutions to the Hubble tension.

B. Impact of ns and As priors

Just as in ΛCDM, given the negative degeneracy
between As=ns and h in an rs-free analysis (see Fig. 7)
any priors on these parameters will lead to a significant
change in the 1D posterior distribution for h. The result of
including a CMB prior on As and ns is shown in the second
from the bottom row of Table II. There we can see that the
degeneracies introduced by EDE and ΔNeff lead to a ∼1σ
shift in h to higher values compared to ΛCDM and Δme.
We can better understand how the As and ns prior affects

these analysis by examining Fig. 10. There we show the 3D
posterior for ns, ln 1010As, and h. The gray contour shows
the ns vs ln 1010As posterior distribution in ΛCDM and the
red contour shows the CMB prior on As and ns. The EDE
and ΔNeff panels clearly show that these models open new
parameter space to allow for larger values of As and ns at
correspondingly larger values of h. When placing a prior on
As and ns this additional volume leads to a 1D posterior
distribution for hwhich is shifted to larger values (i.e., cyan
and yellow points) than in Δme or ΛCDM.

C. Impact of the Ωm priors

Replacing the PanPlus prior on Ωm ¼ 0.338� 0.018
with θBAO=CMB

s;d , Ωm ¼ 0.3� 0.01, results in an increase in

FIG. 10. The 3D posterior distribution for “All” of the data
(from the rs-marginalized analysis) in the ns vs ln 1010As plane
along with color coded points indicating the corresponding value
of h for the three beyond-ΛCDM models we explore. The gray
contours show the results in ΛCDM, the red contours show the
CMB priors we place on As and ns.

FIG. 8. The 1D posterior distribution for h without (top) and
with (bottom) marginalizing over rs;d. The top panel shows that
the inferred value of h, which is dominated by information about
the sound horizon, varies between the four cosmological models.
When marginalizing over rs;d the posteriors become similar, with
EDE shifted to a slightly larger value of h. The gray bands
indicate the SH0ES value of h ¼ 0.73� 0.01 and the pink bands
the Planck value of h ¼ 0.6736� 0.0054.

FIG. 9. The 2D posterior distribution for As and ns vs fEDEðzcÞ
from the rs-marginalized analysis. We can see that the largest
values of ns and As in EDE occur when zc is at the lower end of its
prior range. This additional parameter allows EDE to achieve a
1D posterior distribution for h that is slightly larger than inΔNeff .
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the 1D posterior for h for all models with or without the
As=ns prior, as shown in Table II.
The red contours in Fig. 11 show the h vsΩm degeneracy

in all four models using FSþ BBNþ CMBLens (i.e., no
prior on Ωm). One can see that a negative degeneracy
between h andΩm is present in all four models we consider.
The dashed blue contours show the posterior when we
include the PanPlus prior, the solid blue contours further
include the CMB-inspired priors on As=ns, and the black
contours show the posteriors when PanPlus is replaced
with θBAO=CMB

s;d . One can see that, when the prior on Ωm

decreases, the contours shift along the h=Ωm degeneracy
leading to larger values of h (see the blue vs black contours
in Fig. 11). In addition, this figure clearly shows how the
inclusion of the As=ns prior significantly reduces the range
of h for both ΛCDM and Δme, but has a much smaller
effect for EDE and ΔNeff (see the dashed blue vs solid blue
contours in Fig. 11).
Note that in our analysis we fixed the sum of the

masses of the neutrinos to their minimum value
(0.06 eV). We expect that also allowing the neutrino mass
to vary, as done in Ref. [31], would make the constraints on
h even weaker.

VI. CONCLUSIONS

Full-shape information from measurements of galaxy
clustering are poised to contribute important cosmological
information when investigating beyond ΛCDM models.
Therefore it is important to clarify what aspects of these
measurements are driving the constraints.
The constraining power on h predominately comes from

the BAO sensitivity to the sound horizon, and the same is
true of measurements of the CMB. This has lead to the
development of a number of beyond-ΛCDMmodels which
change the value of the sound horizon in order to address
the Hubble tension. In order to further test these models, it
is of interest to develop new analysis methods that extract
information about h from observations which are based on
pre-recombination physics without relying on the value of
the sound horizon.
There have been claims in the literature that ΛCDM rs-

free analyses can put pressure on beyond-ΛCDM models
which attempt to resolve the Hubble tension (see, e.g.,
Ref. [31]). Our analysis shows that, even when marginal-
izing over information about the sound horizon, the
resulting constraint on the Hubble constant depends not
only on the cosmological model but also on the choice of
external priors—both leading to shifts ≳1σ. It is clear that
current data are not precise enough to provide meaningful
constraints on beyond-ΛCDM models which attempt to
address the Hubble tension. Of course, this will change as
the quality of the data improves. For example, with a
Euclid-like survey the null test outlined in Sec. IV of
Ref. [28] may provide evidence for or against beyond-
ΛCDM models which attempt to address the Hubble
tension.
The full-shape analysis of measured galaxy power

spectra can provide such a dataset [30]. By marginalizing
over the sound horizon and using a BBN prior on ωb,
SNeIa prior on Ωm, and the measured CMB lensing from
Planck, the inference of h relies on the amplitude and
broad-band shape of the small-scale power spectrum.
Previous work has focused on the sensitivity of these data
to keq ¼ Ωmh, along with a SNeIa-inspired prior on Ωm, as
the main source of sensitivity to h. Here we have demon-
strated that the sensitivity is also driven by the amplitude of
the small-scale power spectrum. As a result, beyond-
ΛCDM models which are degenerate with As=ns have
the ability to affect the rs-free value of h.
This also has potential implications for using the

extended BAO parameter set presented in Ref. [58] and
known as “ShapeFit.” In this approach, the standard BAO
and redshift space distortion parameters are augmented
with a parameter that measures the slope of the galaxy
power spectrum at kslope ¼ 0.03 hMpc−1. It has been
shown that this extended parameter set is competitive with
full-shape analysis of ΛCDM [78]. Since we show here that
constraints to the amplitude of the galaxy power spectrum
play an important role when considering beyond-ΛCDM

FIG. 11. The h vs Ωm degeneracy rs-marginalized analyses.
The filled red contours show constraints using FSþ BBNþ
CMBLens (i.e., without a prior on Ωm). The open dashed blue
contours show the constraints when we include the PanPlus prior
on Ωm and the open solid blue contours add the effects of the
CMB-inpsired priors on As and ns. The black contours show the
constraints when we keep the priors on As and ns but replace
the PanPlus prior with the one from the uncalibrated BAO and
CMB measurements of the projected sound horizon.
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models, it will be interesting to check whether ShapeFit
will be able to capture some of the important effects of
these models.
We find that beyond-ΛCDM models which introduce

additional energy density with significant pressure support
lead to increased values of h in an rs-independent analysis.
This is due to the suppression of the growth of structure in
these models, leading to degeneracies with the amplitude of
the clustering. Since the amplitude of the small-scale
galaxy power spectrum and lensing potential power spec-
trum play a central role in determining the rs-free value of
h, models which attempt to address both the Hubble and S8
tensions through a suppression of small-scale power
[79–81] may be particularly interesting to consider in light
of the analysis presented here.
On the other hand, the results from Δme indicate that

models which just modify the timing of recombination,
such as primordial magnetic fields [82] and other models of
varying fundamental constants [83–85], do not open up
new degeneracies with the amplitude of the k > keq galaxy
power spectrum and may be particularly constrained by
these data. As Fig. 12 shows, with and without rs;d-
marginalization, the Δme posterior distribution for H0 is
∼2σ away from the value preferred by SH0ES.
We have also explored how various priors on cosmo-

logical parameters affect these conclusions. When using a

CMB-inspired prior on As and ns we found that the model-
dependence of these results are even more stark, with EDE
andΔNeff giving posteriors for hwhich are ∼1σ larger than
in ΛCDM. However, the Δme model, which only affects
recombination, has a posterior for h that is statistically
identical to the result in ΛCDM. Additionally, we have
emphasized the role played by the Pantheonþ prior on Ωm
in driving the low-h constraints. Replacing the Pantheonþ
prior on Ωm ¼ 0.338� 0.018 with one from the uncali-
brated BAO and CMB measurements of the projected
sound horizon,Ωm ¼ 0.30� 0.01, leads to a shift to higher
values of h for all models, with EDE and ΔNeff still ∼1σ
larger than ΛCDM. The posteriors for h are listed in
Table II.
We conclude that the Hubble constant inferred from

these data depends on both the model and the choice of
priors on the cosmological parameters.
Our analysis also allows us to determine whether a

comparison between the H0 posteriors with and without
marginalizing over rs;d in ΛCDM provides a robust internal
consistency test for physics beyond ΛCDM. A summary of
these results is shown in Fig. 12. Using FSþ BBNþ
CMBLensþ PanPlus, one can see that without any prior
on As and ns, the agreement in ΛCDM is better than 1σ.
The agreement is slightly worse (∼2–2.5σ) once the As and
ns priors are included, with a shift in the means of
ΔH0 ∼ 3 km=s=Mpc.9 Keeping the As=ns prior and chang-
ing the Ωm prior to the uncalibrated BAO and CMB
measurements of the projected sound horizon brings the
H0-values back into excellent agreement.
Given these results, at a minimum we conclude that the

consistency of H0 with and without rs;d-marginalization in
ΛCDM depends on the choice of priors on the cosmologi-
cal parameters. In addition, when the ΛCDM posteriors are
consistent, we do not find any indication that the beyond-
ΛCDM models are in tension with the data. Given this, our
results indicate that with current data the internal consis-
tency test proposed in Refs. [28,31] is inconclusive.
The results presented here complement those that are

presented in Ref. [53]. There we show that the BOSS full-
shape analysis using both PyBird and CLASS-PT do not rule
out the EDE resolution to the Hubble tension. In light of
Ref. [68], it will be useful to perform an analysis similar to
what we have done here but using PyBird, since this code
relies on a different choice of EFT priors and BOSS power-
spectrum measurements. Indeed, the constraints from these
two codes may differ up to ∼1σ for ΛCDM due (mostly) to
the impact of priors [68]. However, we do not expect the
overall conclusions to change, as we have identified
physical effects at play in driving degeneracies between
h and other parameters.FIG. 12. A full summary of our results. The orange/blue

posteriors show the results with/without marginalizing over
rs;d. For each cosmological model we show analyses with three
different choices of priors. We also show the Planck constraint to
H0 as the vertical pink band and the SH0ES constraint in the
gray band.

9Using the same priors on ns and the sum of the neutrino
masses as in Ref. [31] we find a similar result, where without
(with) marginalizing over rs;d, h ¼ 0.682þ0.011

−0.012 (h ¼ 0.652þ0.022
−0.026 ).
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Current galaxy clustering measurements are not precise
enough to rule out or favor beyond ΛCDM models which
address the Hubble tension. However, unlike CMB lensing
[29], there are several near-future galaxy surveys which
will significantly improve constraints on h independent of
the sound horizon upon BOSS DR12 (e.g., DESI [86],
Euclid [87], VRO [88]). The work presented here high-
lights the ways in which beyond-ΛCDM models which
address the Hubble tension may affect the value of h even in
an rs-free analyses.
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APPENDIX A: DERIVATION OF THE ΛCDM
PARAMETER SCALING EQUATIONS

1. Approximate scalings for the galaxy
power spectrum

It is helpful to recall the basic physics that determines the
small-scale (k > keq) form of the matter power spectrum.
Roughly speaking, dark matter modes with k > keq enter
the horizon during radiation domination and experience a
large Hubble friction, significantly limiting their growth.
Once the universe becomes matter dominated all of those
modes are able to collapse, growing proportional to a=aeq.
This scaling gets modified in detail since the dark matter
perturbations do grow logarithmically with scale factor
during radiation domination [89], giving an amplitude of
the galaxy power spectrum

Pgalðk > keqÞ ∝ b2R2
cgðzÞ2Asða=aeqÞ2 ðA1Þ

× ½1þ lnð4aeq=akÞ�2
�
k
kp

�
ns−1ðh=kÞ3;

¼ b2fb

�
ωb

ωcdm

�
Ω0.25

m Asa2Ω2
mh4

×

�
1þ ln

�
4k=h
Ωmh

��
2
�
k
kp

�
ns−1ðh=kÞ3;

ðA2Þ

where b is the linear galaxy bias, Rc ≡ ωcdm=ωm ¼ 1 −
ωb=ωm is the baryon suppression [60], horizon crossing
occurs when k ¼ akHðakÞ, gðzÞ2 ∝ Ω0.25

m is the growth
function at z ∼ 0.3–0.6, and kp is the pivot scale (usually
chosen to be kp ¼ 0.05 Mpc−1). We note that information
about the bias comes from redshift space distortions and the
use of informative priors. The second line shows the
explicit dependence on h in ΛCDM. During radiation
domination we have ak ¼ 100 km=s=Mpc=c

ffiffiffiffiffi
ωr

p
h=k.

Using the fact that aeq ≡ ωr=ωm we can write
aeq=ak ≃ k=keq. We can see that for k > keq the logarithmic
term enhances the amplitude. A more careful treatment
shows that the logarithmic term is ln½k=ð8keqÞ�, so for keq ∼
0.01 hMpc−1 and kmax ¼ 0.4 hMpc−1 we get an enhance-
ment of power at the smallest scales of a factor of ∼7
[90,91]. This enhancement gives the sensitivity to keq.
The correlation of the monopole and quadrupole

moments of the galaxy clustering power spectrum gives
us redshift space distortion information which provides
sensitivity to the product of the growth rate, fðzÞ, and the
variance of mass fluctuations in spheres of radius R ¼
8 Mpch−1 (σ28). First, from Ref. [92] we have

σ28 ∝ Asða=aeqÞ2Ω0.25
m ðkeqh−1Þ−1.4ω0.45

m ; ðA3Þ

where the dependence on Ωm comes from the growth
function around the BOSS DR12 redshift bins (z ∼ 0.5). In
ΛCDM, the growth rate is approximately [93]

fðz ∼ 0.5Þ ∝ Ω0.6
m : ðA4Þ

2. Approximate scaling for the lensing potential
power spectrum

Since the Planck inferred lensing potential power spec-
trum provides measurements between 8 ⩽ L ⩽ 400 [73],
there are two relevant quantities in the CMB lensing:
position of the peak lϕϕ

peak and the amplitude of high L

power spectrum, L4Cϕϕ
L .

First, the peak of the spectrum is set by θeq at z ∼ 2 [94],
so that lϕϕ

peak ∝ Ω0.75
m hω−0.5

r .
Second, the CMB lensing potential power spectrum also

has sensitivity to keq. A rough approximation to the
combination of parameters measured by estimates of the
lensing potential power spectrum is given by [92]

L4Cϕϕ
L ∝ Asl2

eqω
0.3
m ; ðA5Þ

¼ Ash2.6Ω3.5
m ðA6Þ

where leq ≡ χdeckeq, χdec is the comoving distance to
photon decoupling, the power law index for ωm is fit
around L ≃ 200, and the primordial power spectrum was
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taken to be scale invariant. The product Asl2
eq can be

simply understood: the gravitational potential power spec-
trum is nearly scale invariant up until keq, at which point it
becomes small. The number of collapsed halos of size r ∼
k−1 that a CMB photon passes by is given by χ�=r ∼ kχ�,
where χ� is the comoving distance to the surface of last
scattering, and the typical halo potential is ∼A1=2

s . Since
leq ¼ keqχ� gives the largest number of halos along the line
of sight, the overall amplitude of the deflection power
spectrum (which, in turn, is proportional to the lensing
potential power spectrum) is proportional to Asl2

eq [95].
Additionally, it is straightforward to show that the angu-
lar scale of matter radiation equality at the CMB is
leq ∝ Ω0.6

m hω−0.5
r .

APPENDIX B: THE EFFECT OF REMOVING
THE GALAXY POWER SPECTRUM PEAK

To demonstrate that the location of the peak of the galaxy
power spectrum is not playing a role in constraining h, we
performed an analysis with kmin ¼ 0.05 hMpc−1 for the
galaxy power spectrum multipoles. This choice is ∼5 times
larger than keq, fully removing the peak from the data. The
resulting 1D posterior for h is shown in Fig. 13. We can see
that the posterior is statistically identical to our fiducial
choice of kmin ¼ 0.01 hMpc−1. This is not surprising given
the fact that the fiducial kmin is just slightly less than keq. We
note that the signal to noise in the lowest measured modes
is smallest since at the largest scales we have the fewest
independent measurements.
We note that, although galaxy power spectra may not be

able to probe scales large enough to measure the peak,
future HI surveys will have enough coverage [59].

APPENDIX C: CHECKING THE BAO
SMOOTHING ALGORITHM

Figure 5 indicates that part of the parameter space may
not be modeled correctly. As discussed in Ref. [96] the
BAO smoothing algorithm used in CLASS-PT is constructed
to work well for 130 Mpc ⩽ rs;d ⩽ 170 Mpc. Clearly the
ΛCDM MCMCs have samples which are slightly beyond
the lower end of this range. The algorithm performs a sine-
transform of the matter power spectrum and, excises the
BAO bump, interpolates between the two smooth regions
on either side, and then inverse transforms back to Fourier
space. The excision of the BAO bump is done using fixed
boundaries, and so will fail if the BAO bump gets close to
either of those boundaries. In order to investigate whether
this causes an issue at the lower boundary, we modified the
algorithm slightly by allowing the boundary to move as the
value of rs;d changes.
Our modified algorithm keeps the distance between the

excised points and shifts it linearly with the value of rs;d
with the standard value at rs;d ¼ 150 Mpc. The original
algorithm fixes the region of the real-space correlation
function that is excised in order to remove the BAO bump.
In terms of the indices they remove all points between
Nleft ¼ 120 and Nright ¼ 240 [96]. We have modified the
range of indices which are removed so that it is translated as
the value of rs;d changes:

Nleft ¼ 120 − 20ð1 − rs;d=150Þ=ð1 − 120=150Þ; ðC1Þ
and Nright ¼ Nleft þ 120. We have verified that this algo-
rithm properly excises the BAO bump when rs;d is varied
between 110 Mpc ⩽ rs;d ⩽ 170 Mpc.

FIG. 13. 1D posterior distribution for h in ΛCDM when
marginalizing over rs;d with two different choices for the
minimum wave number used in the galaxy power spectra
multipoles. When using kmin ¼ 0.05 hMpc−1 we have removed
all information about the location of the peak of the galaxy power
spectrum. The statistical equivalence for these two values of kmin
demonstrates that the location of the peak of the galaxy power
spectrum does not play a significant role in constraining h.

FIG. 14. A triangle plot comparing the posterior distribution
between the two smoothing algorithms.
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The comparison between the standard and modified
algorithm for EDE is shown in Fig. 14. We focus on EDE
here since thevalue of rs;d has the largest range in thismodel.
There we can see that when “All” of the data is included the
twomethods are nearly identical.We have checked the other
cosmological models we consider show similar insensitivity
to the change in the broadband/BAO split.

APPENDIX D: VERIFYING THE
PANTHEON+PRIOR ON Ωm

Instead of using the full Pantheonþ likelihood we
have used a prior on Ωm ¼ 0.338� 0.018. In order to
verify that this prior properly captures all of the aspects of
this likelihood we have compared the constraints on
ΛCDM marginalizing over rs;d, using the FSþ BBNþ
CMBLensþ PanPlus, implementing the full Pantheonþ
likelihood vs using the prior on Ωm.
The comparison between these two analyses is shown in

Fig. 15. There we can see that the posteriors are nearly
identical, verifying our use of the Pantheonþ prior on Ωm.
The conclusions of this comparison also hold in the
beyond-ΛCDM models we consider since they all intro-
duce new physics at or before recombination, and therefore
are identical to ΛCDM in the late universe when SNeIa
measurements are made.

APPENDIX E: INCLUDING THE
θBAO=CMB
s;d CONSTRAINTS

Here we briefly describe how we included the uncali-
brated BAO and CMB constraints to the angular size of
the sound horizon. First we note that constraints to the
angular size of the sound horizon inferred from CMB
measurements are relatively insensitive to the model we
use to fit the data, with models which address the Hubble
tension leaving the mean unchanged but increasing the
uncertainties (see, e.g., Table VII in Ref. [97]). As noted in
Ref. [23], models that address the Hubble tension do not
lead to a significant change in the physics between recom-
bination and baryon drag so that the CMB-inferred angular
size of the baryon drag horizon, θCMB

d , also has a relatively

model-independent mean but inflated uncertainties in
beyond-ΛCDM models that address the Hubble tension.
We use a Gaussian likelihood with 100θCMB

d ¼ 1.05970�
0.000685 and zd ¼ 1059.39, which is obtained when fitting
Planck data with an EDE model. Note that uncertainty in zd
is at the percent level, leading to fractional variations in the
angular diameter distance at the 10−4 level, whichweneglect
compared to the uncertainty in θd.
In order to combine this constraint with the angular size of

the BAO baryon drag horizonwe recast the sound horizon at
baryon drag, rd, to be a nuisance parameter (in units of
h−1 Mpc). This allows us to use the BAO AP parameters as
well as θCMB

d as uncalibrated rulers which give us constraints
to the late-time expansion history (i.e., Ωm). Note that the
correlation between the measured BAO AP parameters and
the full-shape information is already included in the data
covariance provided with CLASS-PT [40].
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