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Thermal expansion and phonon anharmonicity of cuprite studied
by inelastic neutron scattering and ab initio calculations
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Inelastic neutron scattering measurements were performed with a time-of-flight chopper spectrometer to ob-
serve phonons in all parts of the Brillouin zone of a single crystal of cuprite Cu2O. We reduced the experimental
data to phonon dispersions in the high-symmetry directions, and changes between 10 and 300 K are reported.
In this paper, we show ab initio quasiharmonic (QH) and anharmonic (AH) calculations of phonon dispersions.
We performed all AH calculations with a temperature-dependent effective potential method. Both QH and AH
calculations account for the small negative thermal expansion of cuprite at low temperatures. However, the
measured temperature-dependent phonon behavior was predicted more accurately with the AH calculations than
the QH ones. Nevertheless, at 300 K, the cubic AH used in this paper did not entirely account for the experimental
phonon dispersions in cuprite.

DOI: 10.1103/PhysRevB.105.174308

I. INTRODUCTION

Cuprite Cu2O (Fig. 1) is one of the first known semi-
conductors [1,2]. It has applications in photovoltaics [3,4],
nanoelectronics [5], thermoelectrics [6], spintronics [7], and
catalysis [8,9]. Cuprite has a small coefficient of thermal
expansion that is negative at low temperatures but becomes
positive >300 K. The coefficient of volumetric thermal ex-
pansion β = 1

V
∂V
∂T (V is volume, and T is temperature) is

explained with thermodynamics by a balance between the
internal energy U and the entropy S. At finite temperatures,
the primary contributions to U and S are the elastic energy
(Uel) and the vibrational entropy of phonons (Svib). Using
this approximation, the total free energy F = Uel − T Svib

is minimized when reductions in the phonon frequencies
with volume (and temperature) cause a larger Svib. These
changes counteract the energy penalty from Uel during thermal
expansion.

Spectroscopies to study phonons include inelastic neutron,
inelastic x-ray, and Raman methods. All of these methods
have been used to study phonons in cuprite [11–30]. In-
elastic neutron scattering (INS) experiments with triple-axis
spectrometers measure energy spectra of phonons at single
points in crystal momentum �q. Thermophysical properties
such as thermal expansion and the temperature dependence
of elastic constants depend on the phonon frequencies at all
�q points in the first Brillouin zone. Methods of INS on single

*clairenicolesaunders@gmail.com
†btf@caltech.edu

crystals at pulsed neutron sources can provide such detailed
information [31,32]. Measurements of all phonons in a crys-
tal allow testing of microscopic models of thermophysical
properties.

The free energy Fvib in the anharmonic (AH) theory used
here is

Fvib(V, T ) = U0(V, T ) +
∑
�q,s

(
h̄ω�q,s(V, T )

2

+kBT ln

{
1 − exp

[
− h̄ω�q,s(V, T )

kBT

]})
, (1)

where the phonon frequencies ω�q,s (s is a branch index)
depend on both V and T . An explicit dependence on T is
essential for AH models. The quasiharmonic (QH) vibrational
Helmholtz free energy contribution Fvib depends explicitly
on V , and effects of T are only through thermal expansion
ω�q,s[V (T )] rather than ω�q,s(V, T ) for AH theory. Phonons
in materials can be modeled or interpreted with QH or AH
theories [33].

In this paper, we identify the microscopic physics of
the individual phonon modes that contribute to the macro-
scopic thermal expansion. We do this by calculating individual
phonon contributions to Fvib with both QH and AH the-
ories and comparing the thermal trends of the calculated
phonons with phonon measurements by INS on cuprite at 10
and 300 K. The net volume change of cuprite from thermal
expansion between 10 and 300 K is small, so QH calcula-
tions predict phonon shifts that are nearly zero. On the other
hand, experiment and AH calculations give thermal shifts and
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FIG. 1. Unit cell of Cu2O. Copper (Cu) atoms are shown in blue
and oxygen (O) atoms in red. There is a linear arrangement of O-Cu-
O as the 3z2-r2 orbitals of copper make chemical bonds with the sp3

orbitals of oxygen [10].

broadening phonons, especially optical modes. However, we
expect the low-frequency acoustic modes to be more pertinent
to the negative thermal expansion (NTE) at low tempera-
tures. We found small but measurable changes in the acoustic
phonons between 10 and 300 K. Closer examination shows
that QH theory predicts changes in both magnitude and sign
of the thermal shifts of the lowest acoustic branch at different
�q. On the other hand, AH theory and experiment show that
this entire branch undergoes a thermal shift that is nearly the
same at all �q.

II. EXPERIMENT

A. Powder

INS measurements were performed first on 20 g Cu2O
powder with the time-of-flight (TOF) wide angular-range
chopper spectrometer (ARCS) [31] at the Spallation Neutron
Source at Oak Ridge National Laboratory (ORNL) [34]. The
incident energy was 120 meV, and sample temperatures were
5 and 300 K. Using the software packages MANTID and MUL-
TIPHONON, we reduced the data to phonon density of states
(DOS) curves [35,36]. The reduction included subtractions
of an empty aluminum can background and a multiphonon
correction.

B. Single crystal

Further INS measurements used ARCS to perform mea-
surements on a single crystal of cuprite. The [100]-oriented
single crystal was grown at the Joint Center for Artificial
Photosynthesis at Caltech in an optical furnace with the float
zone method [37] with 99.999% Cu rods from Alfa Aesar. The
crystal was a cylinder of 50 mm in height and 7 mm in diame-
ter, suspended in a platinum holder for all measurements. See
the Supplemental Material [38] for images of the crystal and
mount (see also Refs. [29,39–44] therein).

For 10 K measurements, the crystal was in an aluminum
canister within a closed-cycle helium refrigerator. TOF neu-

tron spectra were acquired at 152 individual angles of the
crystal in increments of 0.5◦, about the vertical axis. For 300 K
measurements, we mounted the crystal in a low-background
electrical resistance vacuum furnace [45]. Measurements at
300 K used 201 angles in increments of 0.5◦. The incident
energy for all single-crystal measurements was 110 meV. An
oscillating radial collimator suppressed multiple scattering
and background.

To reduce the single-crystal data to obtain the four-
dimensional S( �Q, ε), we used MANTID. An additional analysis
assessed the data statistics and alignment. Following crystal
symmetry, we folded the data from high �Q into the irreducible
wedge in the first Brillouin zone. An averaged multiphonon
scattering correction was subtracted from the data, and spec-
tral weights were thermal factor corrected. The results of our
analysis appear in Fig. 2 with further details of data postpro-
cessing available in the Supplemental Material [38] (see, also
Refs. [29,39–44] therein).

III. COMPUTATION

The Vienna Ab initio Simulation Package (VASP) was
used for all ab initio density functional theory calculations
[46–49] with plane-wave basis sets, projector augmented
wave pseudopotentials [50] and the strongly constrained and
appropriately normed meta-generalized gradient approxima-
tion exchange correlation functional [51]. All calculations
used 3 × 3 × 3 supercells containing 162 atoms, a 2 × 2 ×
2 k-grid, and a kinetic energy cutoff of 600 eV. The super-
cell configurations for calculations were generated with the
stochastic temperature-dependent effective potential (sTDEP)
method or PHONOPY [52]. For further details on calculation
parameters, see the Supplemental Material [38].

We found the equilibrium volume for each temperature by
minimizing the Helmholtz free energy, which included elec-
tronic and phononic contributions, for five volumes (±1.5%,
±3.0%, and the 0 K equilibrium volume). For each vol-
ume, we performed QH calculations with PHONOPY. All QH
calculations used the finite displacement method. AH calcu-
lations used the sTDEP package [53–55]. Finally, we fit the
Helmholtz free energy to the Birch-Murnaghan equation of
state. The minimum of this function provided the equilibrium
volume at the temperature of interest.

AH effects on the lattice parameter and on phonons are
accounted for in U0(T,V ) and ω�q,s(T,V ). The expression for
U0(T,V ) in our AH thermal expansion calculations is

U0(V, T ) =
〈

UBO(V, T ) − 1

2

∑
i j

∑
αβ

�
αβ
i j uα

i uβ
j

〉
, (2)

where UBO(T,V ) is the Born-Oppenheimer potential en-
ergy from sampling the surface, and �

αβ
i j are forces that

are matched between the actual system and with our model
Hamiltonian. Here, uα

i and uβ
j are Cartesian components of

the displacements of atoms i and j. When accounting for
third-order terms for phonon self-energies,

U0(V, T ) =
〈

UBO(V, T ) − 1

2!

∑
i j

∑
αβ

�
αβ
i j uα

i uβ
j − 1

3!

∑
i jk

∑
αβγ

�
αβγ

i jk uα
i uβ

j uγ

k

〉
. (3)
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FIG. 2. Phonon dispersions along high-symmetry directions measured by inelastic neutron scattering (INS) at (a) 10 K and (b) 300 K.
Phonon dispersions calculated by sTDEP at (c) 10 K and (d) 300 K.

After obtaining the lattice parameter, we calculated the
phonon dispersions and self-energy at that volume.

Authors of previous studies of lattice dynamics and the
NTE of cuprite used the QH approximation. In QH theory,
each phonon mode s with corresponding angular frequency
ω�q,s depends directly on the volume through the mode
Grüneisen parameter γ�q,s at a given wave vector �q:

γ�q,s(V ) = − V

ω�q,s(V )

∂ω�q,s(V )

∂V
. (4)

Equation (4) predicts thermal shifts of individual phonon fre-
quencies. An average γ , where each γ�q,s is weighted by the
contribution of phonon s to the heat capacity, predicts the
macroscopic thermal expansion. Average phonon frequencies
decrease for positive values of γ as volume increases. This de-
crease in ω�q,s contributes positively to the vibrational entropy
Svib and lowers the QH vibrational Helmholtz free energy
F QH.

For AH computations, where third-order force constants
are available [56], the mode Grüneisen parameters for a mode

with frequency ω�q,s is

γ�q,s(V, T ) = − V

6ω�q,s(V, T )2

×
∑

i jkαβγ

ε
iα†
�q,s ε

jβ
�q,s√

mimj
rγ

k �
αβγ

i jk exp(�q · �r j ). (5)

Here, �
αβγ

i jk is the cubic AH tensor with Cartesian indices α,
β, and γ . Also, ε is the polarization eigenvector, and atomic
position and mass are designed by �r and m, respectively.
Equation (5) offers an advantage over Eq. (4) because it is
not divergent when the thermal expansion is zero, so the
mode Grüneisen parameters were calculated using Eq. (5). All
calculations were performed in sTDEP using the third-order
force constants.

The calculated phonon self-energy gives phonon spec-
tra with thermal shifts and finite linewidths. Calculations
of this include terms to the third power of atom displace-
ments (cubic AH) [57,58]. We performed AH calculations
of the self-energy with sTDEP. By solving a dynamical ma-
trix, we obtained phonon frequencies. For a given third-order
force constant �ss′s′′ , we calculated and adjusted the phonon
self-energy with the real 
 and imaginary � corrections

to the phonon self-energy. The imaginary correction is

� �q �q′ �q′′
ss′s′′ (V, T ) = h̄π

16

∑
ss′s′′

∣∣��q �q′ �q′′
ss′s′′

∣∣2
(n�q′,s′ + n�q′′,s′′ + 1)δ(� − ω�q′,s′ − ω�q′′,s′′ )

+ (n �q′,s′ − n �q′′,s′′ )[δ(� − ω �q′,s′ + ω �q′′,s′′ ) − δ(� + ω �q′,s′ − ω �q′′,s′′ )], (6)
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where h̄� is a probing energy, ω2
�q,s are the eigenvalues of the dynamical matrix, and n are the occupancy factors. The three-

phonon matrix component can be written as

��q �q′ �q′′
ss′s′′ =

∑
i jk

∑
αβγ

εiα
s ε

jβ
s′ ε

kγ

s′′√
mimjmk

√
ω�q,sω�q′,s′ω�q′′,s′′

�
αβγ

i jk exp [i(�q · �ri + �q′ · �r j + �q′′ · �rk )], (7)

where the primes help identify the three-phonon interactions. Remaining indices are defined after Eq. (5).
The real part of the phonon self-energy correction is obtained from the Kramers-Kronig transform:


�q,s(��q,s) = 1

π

∫
�(ω�q,s)

ω�q,s − �
dω�q,s. (8)

Large deviations of 
�q,s(��q,s) from Lorentzian functions suggest a high degree of AH.
In the QH approximation, Eq. (1) reduces to

F QH
vib (V, T ) = U0(V ) +

∑
�q,s

(
h̄ω�q,s(V )

2
+ kBT ln

{
1 − exp

[
− h̄ω�q,s(V )

kBT

]})
. (9)

In the QH approximation, phonon frequencies and ground
state energy do not have explicit temperature dependence, but
V = V (T ) with thermal expansion.

IV. RESULTS

Figure 2 shows phonon spectra from INS measurements
and AH calculations along the high-symmetry crystallo-
graphic directions. Figures 2(a) and 2(b) show the folded
experimental data from the single crystal at 10 and 300 K,
respectively, and Figs. 2(c) and 2(d) show the corresponding
AH sTDEP calculations. The main features and energies of
the calculated and measured intensities agree. Both calculated
and measured data show softening of the high-energy optical
modes. However, the calculated softening of these modes is
larger than the experimental results. Below 45 meV, small
changes in the calculated and measured dispersions follow the
same thermal trends.

Figure 3(b) shows the phonon partial DOS curves for Cu
and O atoms in cuprite, calculated by sTDEP. The O atoms
dominate the spectral weight in the high-energy modes be-
tween 65 and 80 meV, and Cu atoms dominate <45 meV.
Their sum agrees with the experimental spectra from INS
measurements shown in Fig. 3(a), without neutron-weight
corrections. Figure 4 compares experimental cuts taken at
single �q points along high-symmetry paths with cuts calcu-
lated with sTDEP and with energies from PHONOPY. The AH
sTDEP results show thermal shifts, but the QH PHONOPY cal-
culations display no discernible changes with the temperature
on the scale of Fig. 4. Grüneisen parameters from sTDEP with
Eq. (5) are shown in Figs. 5(a) and 5(c) at different tempera-
tures. These Grüneisen parameters are in good agreement with
prior QH calculations and experimental results [59]. The plots
are color-coded, so the Grüneisen parameters for each mode
correspond to the same color mode in the dispersions in
Figs. 5(b) and 5(d). Many of the low-energy dispersions
have negative Grüneisen parameters, including the low-energy
transverse acoustic (TA) modes that are useful for explain-
ing the NTE in QH theory. The high-energy optical modes
have positive Grüneisen parameters, but these are like the
Grüneisen parameters of other phonon branches. Modes with

similar Grüneisen parameters are predicted by QH theory to
have similar thermal shifts. The real and imaginary parts
of the phonon self-energy at the point �Q = (0.25, 0.25, 0.00)
appear in Fig. 6, colored in correspondence with their phonon
branches in Fig. 5. Significant deviations from the harmonic
self-energy for the optical modes with energies >70 meV
show that these modes are more AH than the other modes.
There are also substantial AH effects from cubic AH for the
lower-energy optical modes ∼40 meV. Comparing the partial
DOS with the self-energies shows that the displacements of
oxygen atoms dominate these AH modes.

FIG. 3. (a) Phonon density of states (DOS) from inelastic neu-
tron scattering (INS) measurements on powdered cuprite. (b) Phonon
partial DOS from sTDEP calculations using second-order terms at 10
and 300 K. Solid curves are Cu atoms, dashed are O atoms.
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FIG. 4. Energy spectra at three values of �Q at 10 K (blue) and 300 K (red). (a) Energy cut at the X point for experimental (top
panel), anharmonic (AH) calculations (lower panel), and quasiharmonic (QH) calculations (lower panel, black lines) at labeled temperatures.
(b) Energy cut at the M point. (c) Energy cut at the halfway point between the high-symmetry points X and M. The color specifies the
experimental and AH data temperatures. Both temperatures of the QH data are denoted by black at the bottom because there is no discernible
change of QH phonons between 10 and 300 K.

FIG. 5. Mode Grüneisen parameters for dispersions, shaded to match their corresponding dispersions at (a) 10 K and (c) 300 K. Phonon
dispersions from quadratic terms in sTDEP calculations at (b) 10 K and (d) 300 K colored to correspond with their matching mode Grüneisen
parameters.
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FIG. 6. The imaginary part (�) of the phonon self-energy at (a) 10 K in blue and (c) 300 K shown in red. Different shades of red and
blue correspond to individual modes designated by Figs. 5(b) and 5(d) for the real part (
) of the phonon self-energy. Data are for �Q =
(0.25, 025, 0.0).

Figure 7 shows the percentage change in lattice parameter
of cuprite vs temperature, referenced to a nominal 0 K. Panel
(a) compares the sTDEP lattice parameter with experimental
results, and panel (b) compares it with our QH calculations
and other QH calculations in the literature. Both QH and AH
calculations <250 K reproduce the measured NTE. However,
the thermal expansion coefficient in this region is small, no
larger than −2.4 × 10−6/K, and is zero near 250 K.

V. DISCUSSION

The AH sTDEP calculations better predict the measured
effect of temperature on cuprite phonons than QH PHONOPY

calculations, as seen in the energy cuts of Fig. 4. For cuprite,
Grüneisen parameters from sTDEP and QH calculations are
essentially the same [59]. In the QH approximation, phonon
shifts follow the �q dependence of the Grüneisen parameters
shown in Fig. 5, which is not the thermal trend of the phonon
branches. There are two key differences. First, the phonon
frequencies depend solely on volume in QH theory, so it pre-
dicts a negligible difference between calculated dispersions at
10 and 300 K. While the thermal shifts are small, they are
measurable and larger than predicted by QH calculations. A
second problem appears in Fig. 5. For the low TA branch
at the X point, the Grüneisen parameter is −4, whereas it is
∼+5 at the R point. However, the entire low-TA branch in
the experimental results (and sTDEP) in Fig. 2 shifts upward
in energy with temperature between 10 and 300 K, as shown

in Fig. 4. There are no observable differences in the behavior
at the X or R points. The Grüneisen parameters for the low-
energy optical branches also change signs at different �q, but
the branches from sTDEP have simple behavior. The modes
<11 meV shift up with temperature, and those >11 meV shift
down with temperature.

Authors of previous studies of cuprite showed the suc-
cess of QH theory for predicting thermal expansion [59,61–
64], and some studies included results on phonon dynamics
[61,62,65]. We find similar success with QH theory for ther-
mal expansion and with AH theory. These results seem like
those of a previous study on the thermal expansion of silicon,
another small NTE material, which showed that AH effects
dominate over QH effects for thermal phonon shifts at low
temperatures [32,66].

The thermal expansion from Eq. (1) depends only on the
temperature dependence of U through the electronic energy
and the temperature dependence of S through the phonon
frequencies dω�q,s/dT . With AH, ω�q,s depends independently
on both T and V . In QH, we assume ω�q,s[V (T )], so all effects
from T originate solely with 
V = βTV . The QH approx-
imation gives generally good results for thermal expansion,
as shown in Fig. 7, even though it does not reliably predict
the dω�q,s/dT (for many phonons, the dω�q,s/dT in the QH
approximation has the wrong sign). With its prediction of tiny
shifts in phonon frequencies between 10 and 300 K, it is diffi-
cult to pinpoint why the QH approximation might successfully
predict the thermal expansion. Perhaps its success originates
from a fortuitous cancellation of errors.

174308-6
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FIG. 7. Percentage change with temperature of lattice parame-
ter of cuprite from experiment and computation. (a) Experimental
results [28–30,60] are shown as colored markers compared with
anharmonic (AH) result from minimized free energies using sTDEP.
(b) Calculated percentage change of lattice parameter vs temperature.
Quasiharmonic (QH) results are colored line and markers [59,61]
compared with sTDEP results shown with black circles.

Three-phonon processes are subject to kinematic con-
straints. The energy constraint requires pairs of lower-energy
phonons to add their energy to create a higher-energy phonon.
This process alters the self-energies, and Fig. 6 shows peaks
at some energies where the self-energy corrections are sig-
nificant. For example, at 10 K, most of the three-phonon
processes involve down-conversion and dominate the high-
energy optical modes at 300 K (the self-energy corrections
>40 meV are similar at 10 and 300 K). Figure 6 shows that
other self-energy corrections become larger at 300 K than
at 10 K. Examination of the self-energy corrections and the

phonon partial DOS curves of Fig. 3 shows a large cubic
AH of the O-atom optical modes. Modest cubic AH is from
acoustic modes dominated by copper atoms.

Below 50 meV, the calculated broadening of phonon dis-
persions is not as large as the experimental phonon dispersions
in Fig. 2. Authors of a previous study attributed some of the
thermal behavior of cuprite to quartic AH [64]. Quartic AH
contributions can account for further shifts of phonon ener-
gies. However, it does not account for phonon lineshapes. This
limitation exists because the loop diagram for the quartic term
does not have an imaginary part. Higher-order AH processes
may be needed to account for the measured thermal broaden-
ing and shifts of phonons in cuprite, so it seems challenging
for perturbation theory to predict the thermal shifts of phonons
in cuprite at higher temperatures.

VI. CONCLUSIONS

INS with a pulsed neutron source and an area detector with
a large solid angle was used to measure all phonons in a single
crystal of cuprite at 10 and 300 K. We directly compared
phonons from QH calculations, AH calculations, and experi-
ments. AH theory better described the temperature-dependent
phonon trends than QH theory. The temperature dependencies
of the low-energy TA and high-energy optical modes did not
follow the experimental change in volume predicted by QH
theory (which was nearly zero in QH theory since the volumes
at 10 and 300 K are nearly the same). The calculations with
AH theory predicted these shifts better than QH theory. The
small NTE in cuprite is calculated successfully with both QH
and AH models. However, thermal expansion is an average
over numerous phonon contributions to the Gibbs free en-
ergy. Thus, thermal expansion may not be the best criterion
for revealing the underlying thermodynamics of cuprite. The
calculated AH self-energy did not capture the full thermal
broadening of the measured optical modes. For cuprite, details
of the measured phonon dispersions may require higher-order
AH than used here.
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